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Introduction

This document presents all models and assets included in the basic economic scenario generator. Each
chapter contains closed formulas and coding specifications associated (discretization methods and con-

taining file).



Chapter 1

Risk factors models

In this first chapter, different risk factors and their respective models are presented. Each model is
theoretically detailed with specific coding methods when it’s needed.

In this economic scenario generator (ESG), all risk factors are modeled under the risk-neutral measure.
The short rate is stochastic and its diffusion process follows the Vasicek Extended model (also known
as Hull-White model). Stocks and real-estate assets are driven through Black-Scholes with stochastic
short rate model. Default and liquidity spreads are modeled under the Longstaff Mithal and Neis (LMN)
model which consider default as Poisson process increment.

No correlation are considered except a linear relation between stocks and zero-coupon bonds.

1.1 Conventions

In order to simplify this document’s reading, a few conventions are assumed:
e f(t,T) is the forward rate beginning in ¢ and finishing in T,
e 1, is the short rate in ¢,
e P(t,T) is the zero-coupon bond price in ¢ giving a unit in T,

e ¢ is a standard gaussian random variable.

1.2 Short rate

Under Solvency 2, economic scenario generators have to take the interest rate term structure as an
input for short rate calibration. This constraint is respected in the Vasicek extended model, which is a
direct application of Heath, Jarrow and Morton (HJM) framework (see the annex of this document for
more information). This simple model is convenient as it provides closed formula for bonds (see assets
valuation chapter).

In order to clarify formulas, these additional conventions are added:

K- 1=
=,

. k (1.1)
L) = T (1 — )

1.2.1 Vasicek extended model

Vasicek extended model is derived from the HIM approach (cf. technical annex) with a diffusion process
for the forward rate as follows:

df (¢, T) = pgp(t, T)dt + op(t, T)dW} (1.2)



with W, a standard brownian motion under the risk-neutral measure. In this particular model, the
volatility structure is specified in order to exponentially decrease with maturity:

of(t,T) = ge T (1.3)

From this expression, one can derive the forward rate’s trend (cf technical annex):

T 2
pp(t.T) = o4(t,T) / 0t u)du = T (eTHI70 — 2T (1.4)
t

Now that the trend and the volatility structure are known, integration of equation 1.2 between ¢ and
T provides:

t t R
f(t,T):f(O,T)+/0 ﬂf(s,T)ds+/0 O'f(S,T)dwsl,

g2 . (1.5)
f@&,T)= f(0,7) —|—/ - (e_k(T_s) - e_Qk(T_S)) ds —|—/ Ue_K(T_S)dWSl.
0 0
In which one can immediately derive the short rate:
re= f(t1) (1.6)

1.2.2 Discretization

Numerical implementation requires discrete equations. A discrete version of equation 1.6 is obtained
thereby:

2 t+6 R
Fers —e Mor = £(0,t+0) —e *£(0,1) + % (K(t+0)>— e ™K(#)?) +oe ™ / e k=gl (1.7)
¢

where § is the discretization step. Finally, the short rate is coded in the file Methods _PathsGeneration.R
as follows:

ress = e Fry + £(0,6+8) — e M f(0,8) + & (K(t+0)% — e MK (t)%) + \/L(O)e (1.8)

1.2.3 Forward rate extraction

As previously mentioned, Vasicek extend model requires the forward rate structure f(0,¢) as an input.
The approach used in this ESG is based on the equation 1.9:

R(0,t + 0)(t + 6) — R(0, 1)t

=1 1.
£(0,) = lim ! (19)
which is computed as follow in Functions_ForwardEztraction.R:
R(0,t+ %) (t+ L) — R(0,t)t
f0,1) = Ot H ) (¢4 55) = RO.H (1.10)

12
The initial term structure is extracted from the file ZCrates.csv (obtained from the French Institute
of Actuaries, cf User’s guide for more information) containing zero-coupon rates at a monthly frequency
for the next 40 years.

1.3 Stock and Real-estate

Stock and real-estate assets are modeled under an extended version of Black & Scholes under stochastic
short rate [1].



1.3.1 Black & Scholes model under stochastic short rate

In this ESG, stock and real-estate follow the same diffusion process:

ds
?t = r,dt + posdW?,
e (1.11)
?t = rdt + pogdW}! + /1 — p2ogdW?
t

where th and WE are independent brownian motions obtained by Cholesky decomposition. Itd’s
lemma drives to the solution:

t 2
Sy = Spexp (/ rodu — 07575 + pUSth + 41— pQUSWf) (1.12)
0

1.3.2 Discretization

In order to numerically generate paths for S, equation 1.12 needs to be discretized and is coded in
Methods PathsGeneration.R as follows:

Stvs = St exp ((Tt+5 - %) 5+ posvVie +/1— pzas\/g@) (1.13)

Note that this discretization doesn’t create any bias.

1.4 Credit and liquidity risks

In this ESG, credit and liquidity risks are considered in order to include default-able bonds and credit
default swaps (CDS). The LMN model considers credit and liquidity event as the result of a Poisson
process with stochastic intensities [4].

The credit intensity A is driven through the CIR model (Cox, Ingersoll et Ross [2]) wich impose positivity,
mean attraction and heteroscedasticity:

d\ = (o — BA)dL + oA AW} (1.14)

where «,8 and o are positive real numbers. Liquidity risk intensity is modeled as a simple white
noise:

dyy = ndW}? (1.15)

where 7 is a positive real number. Each notation grade (AAA, AA, etc.) is then modeled by different
coefficient values.

1.4.1 Discretization

The two intensity processes need to be discretized in order to be numerically generated in the ESG and
are coded in Methods_ PathsGeneration.R. Discretization is direct and exact for liquidity:

Veas = Ve + NV e (1.16)

Whereas default intensity requires the use of the Milstein scheme (which is a second order Ito-taylor
development):

Aips = A+ a(B — M)6 + oay/Ade + D5(e2 — 1) (1.17)




Chapter 2

Assets valuation

In this chapter, multiple products are introduced and priced according to models presented in chapter 1.
The discounting factor is define thereby:

0(T) = exp (—/0 rudu> (2.1)

2.1 Basic assets
In this section, default-free zero-coupon bonds and default-free ordinary bonds are presented.

2.1.1 Default-free zero-coupon bond

Zero-coupon prices are directly derived from the expression of the forward rate as follows:

Pt,T)=F ((;(g;))) = exp <— /tT f(tu)du) (2.2)

As the forward rate dynamic is governed by Vasicek extended model, the zero-coupon price is com-
puted in Methods PriceDistribution ZCBond thereby:

P(t,T) = 20D oyp (—ﬂ%ﬁL(t) + K(T - t)(£(0,8) — rt)) (2.3)

P(0,0)

This last formula requires the prices P(0,t) and P(0,T). These two values are obtained directly from
the zero-coupon rate R(0,t) in ZCrates.csv as follows:

P(0,t) = exp (—R(0,1)t) (2.4)

In the file ZC'rates.csv, zero-coupon rates are given monthly. In order to extend the possible maturities
in the ESG, a linear extrapolation is realized for zero-coupon bond prices:
P(0,t+ &) — P(0,t

P(0,t+6) = P(0,t) 4§ ( 121) ©.9 (2.5)

12

with & € [0, 5.

)12

2.1.2 Default-free ordinary bond

Default-free bonds can be considered as a sum of zero-coupon bonds with different maturities (yearly
coupons in this example):

P(t,T)=P(t,T)+c¢ Y P(ti) (2.6)



where ¢ is the coupon rate. In the ESG, maturities between coupon dates are modeled and it’s
necessary to add coupon’s time value to the clean price to get the bond dirty price:

Dirty price = Clean price + Coupon’s time value (2.7)

The coupon’s time value is the next coupon at a prorata temporis value. Considering ¢ the bond
coupon rate, n. the number of coupons each year, T" the maturity and ¢ the valuation date, the clean
price is computed as follows:

B(t)-1
Cple,ne,t, T) = P(t,T) +¢ Y P(t,a)
=0
B(t) = [ne(T —t) + 1] (2.8)

where «; is the (8(t) — i)-th coupon’s date and £(t) the number of remaining coupons. In this ESG,
maturity is considered to be equal to the last coupon date to avoid additional technical difficulties.
Coupon’s time value is computed thereby:

3
Cele,ne, t,T)=c <t —ag() + 360) (2.9)
3

where 555 represents the market 3 days of delay. Finally, the dirty price is coded as follows in
Methods _PriceDistribution_Bond.R:

IO(C, ne, t,T) = Cp(c,ne, t,T) + Co(c, ne, t,T) ‘ (2.10)

2.2 Default-able assets
In this section, all default-able assets are valuated under chapter 1 diffusions.

2.2.1 Corporate bond
In the LMN model [4], corporate bonds are valuated thereby:

T
CB(c,w,T) = c/o A(u) exp(B(u)Ao)C(u)P(0, u) exp(—you)du
+ A(T) exp(B(T)Ao)C(T)P(0, T) exp(—T) (2.11)
T
+(1- w)/o exp(B(u)Ag)C(u) P(0,u)(G(u) + Ao H (u)) exp(—vyou)du

where functions A B,C,G and H are detailed in annex and w is the part still paid in case of default.
Considering discrete coupons and changing the date of valuation, clean price formula is derived from
equation 2.11 thereby:

B(t)-1
CBy(c,ne, t,T,w) =c Z A(oy) exp(B(a;)Ae)Clay) P(t, o) exp(—vyeev)
=0
+ A(T) exp(B(T)\)C(T)P(t, T) exp(—v,T) (2.12)

T—t
+(1- w)/o exp(B(u)A)C(u)P(t,u)(G(u) + M H (u)) exp(—vyiu)du

Same notations and behavior are used for the coupon’s time value (nor default nor liquidity spread
considered). Finally, the market value for a corporate bond is given by the following formula:



B(H)—1
CBp(e,ne, t,T,w) =c Z A(oy) exp(B(a;)Ae)Clay) P(t, o) exp(—veas)
=0
+ A(T) exp(B(T)\)C(T) P(t, T) exp(=T)

T—t
+ (1 —-w) /0 exp(B(u)A)C(w)P(t,u)(G(u) + A H(uw)) exp(—yew)du + Ce(p, ne, t,T)
(2.13)

Discretization

In the ESG, corporate bonds are coded in the file Methods PriceDistribution_ CorporateBond.R. Dis-
cretization is required for integral calculus with n steps and § = Tq—jt Considering that the coupons are
discrete and not continuous, the valuation formula becomes:

B(t)—1
CB(C’ Te, ta T» UJ) =cC Z A(al) exp(B(az))\t)C(a,)P(t, ai) eXP(_’)’tOéi)
=0
+ A(T) exp(B(T)M)C(T) P(t, T) exp(—T)

+(1-w) Z 0 exp(B(i0)A)C (i) P(t, t +i0)(G(i0) + A\ H (i0)) exp(—.id)

(2.14)

+ Cc(cy Ne, T, T)

2.2.2 Credit Default Swap

Credit default swap is valuated through the LMN model [4]. The premium s is supposed continuous and
is the fair value between the insurer and the protection buyer. The valuation formula at initial date O is
presented thereby:

w [ exp(B(t)Ao) P(0,8)(G(t) + H(t)Ao)dt
i A(t) exp(B(£)Ao) P(0, t)dt
In the ESG, CDS don’t necessarily start at date 0, thus the previous formula is adapted as follows:

s(w,0,T) = (2.15)

w [ exp(B(u)A) P(t, u)(G(u) + H(u))du

foTit A(u) exp(B(u) M) P(t, u)du

s(w,t,T) =

(2.16)

Discretization

The CDS continuous premium is computed in the file Methods PriceDistribution_ CDSPremium.R. For-

mula 2.16 requires discretization for the integrals calculus with n steps § = %:

wy, dexp(B(id)Ae) P(t,t+i0) (G (40)+H (i5) A¢)

s(w,t,T) = T 8A(i0) exp(B(i0) ) P(,1118)

(2.17)

2.3 Derivatives

In this section, vanilla derivatives products are valuated.



2.3.1 Short-rate European derivative

In this section, European calls and puts on zero-coupon bonds are valuated. The price of a call on a
zero-coupon bond starting at T with maturity s at date ¢ is valuated thereby (see annex for details):

(2.18)

with ¢ < T < s. This product is coded in the file Methods PriceDistribution EuroCallPut ZC.R.
Put prices are derived through the Call-Put relation (see annex for details).

2.3.2 Stock European derivative

In this section, European calls and puts on stock are valuated. The call price at date ¢t with maturity 7'
and strike K is computed thereby:

(2.19)

This formula is detailed in annex and can be found in [3].

2.3.3 Convertible bond

A convertible bond is composed of a bond (non-default-able in this ESG) and a call on stock with same
maturity and strike equal to the bond principal. The valuation is computed from this equation:

(G011 = 07+ G ) o2

where « is an adjustment parameter.
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Appendix A

Technical annex

This technical annex presents detailed demonstration for risk factor models and assets valuation.

A.1 Support functions

This section details functions used for CDS and corporate bonds valuation:

6= \aT T
ﬁ o

R =

2a

-
B 54—(;5 11—k \7?
- 1 — keft
<Z5

2¢
a2(1 — ke?t) (A1)

C(t) = exp (776)
- n{252) (122

2042
H{(1) :eXp(a</3+fg+¢o2t> ( 1 x >

1 — ke?t

A.2 Heath, Jarrow and Morton (HJM) approach

In their article, Heath, Jarrow and Morton establish a method to model interest rates term structure
through the no-free lunch hypothesis. To do so, they suppose the following diffusion process for the
forward rate:

df (t,T) = py(t, T)dt 4 o (t, T)dW} (A.2)

with W; a standard brownian motion under the risk-neutral probability. In this framework, authors
suppose a Black & Scholes type diffusion for the zero-coupon bond:

dP(t,T)
P(t,T)

This relation leads to a link between the trend and the volatility structure of the forward rate. Indeed,
a zero-coupon bond is valuated as follows:

= rudt —op(t,T)dW} (A.3)

11



T
P(t,T) = exp (/t f(t,u)du) ,

. (A.4)
In(P(t,T)) = —/ f(t, u)du.
t
Then, through the Leibnitz rule:
T
dIn(P(t,T)) = f(t,t)dt — / df (¢, u)du,
t
T A
= rydt — / (Mf(ﬁ u)dt + o4(t, u)dW,}) du, (A.5)
t
T T X
= (rt _/ ,uf(t,u)du> dt — (/ Jf(t7u)du> dW;}.
t t
The It6’s lemma gives us:
dIn(P(¢,T)) ! dP(t,T) L d< P(t,T) >
n = — _—_—
’ P(t,T) ’ 2P(t,T)2 ’ ’
1 (A.6)
— (n - 20p(t,T)2) dt — op(t,T)dW}
which leads to the following equalities by identification:
r 1
2
/ pyp(t,u)du = chp(t,T) ,
¢ (A.7)

/t of(t,u)du =op(t,T)

Thus:

(/t os(t, u)du) (A.8)

pi(t,T) = 05 (t,T) [ o4(t, u)du (A.9)

DN =

T
[ nsttuyau =
t

Finally,

A.3 European call on zero-coupon bonds

In this section, the valuation of European zero-coupon bonds is detailed into the Vasicek extended model
framework.

A.3.1 No free-lunch valuation

Under this principle, with s > T, the call price becomes:

C(0,T.K) = Eq((P(T,s) - K)*8(T)) (A.10)
With the T-forward probability associated to the following Radon-Nykodin density:

12



dQr  o(T)
dQ — P(0,7) (A.11)

It comes with a = {P(T,s) > K}:

C(0,T,K) = Eq((P(T,s) — K)*T(T))
= P(0,T)Eq, ((P(T,s) — K)*) (A.12)
= ‘P(O’T)(EQT (P(T,s)1,) — KQr(a))

A.3.2 P(T,s) law under T-forward measure

Using It6’s lemma in A.5, it comes:

T T T
P(T,s) = P(0, s) exp </0 rydu —/0 op(u,s)dW} — %/0 o (u, s)du) (A.13)

To bring back this equation under the T-forward measure, we use the following Radon-Nykodin
measure:

dQr _ P(T,T)
dQ — P(0,7) (T)

= exp </OT rudu — /OT op(u, s)dW}r — ;/OT o%(ms)du) o(T) (A.14)

T R 1 /7
= exp —/ op(u,s)dW} — 5/ 0% (u, s)du
0 0

Then, Girsanov theorem identifies a T-brownian motion W;:

AW, = dW, + op(u,s)du (A.15)

Observing these two relations:

T T R 1 (T
P(T,s) = P(0,s) exp / rydu f/ op(u,s)dW} — 5/ o2 (u, s)du
0 0 0

- . . (A.16)
P(T,T) = P(0,T) exp </0 rydu —A op(u, T)dW}! — §A U%(u,T)du)
As P(T,T) = 1, the first line can be rewritten using the second one:
P(0,s) g S g 2 2
P(T,s) = P(O T) exp </) —lop(u,s) —op(u, T)]dW, — 5/0 lop(u,s) — UP(uaT)]du>
T T
P(T,s) = ]}—:(((())7{15“)) exp </0 —[op(u,s) — op(u, T)](dW} — op(u, s)du) — %/0 [0%(u, s) — U?;(u,T)]du)
T T
P(T,s) = ;7((87;)) exp </0 —[op(u,s) — op(u, T)]dW} — %/0 [op(u,s) — ap(u’T)]Qdu)
(A.17)

With:

13



T 1 /T 2
Wi = [ lop(u.s) = ap(u Tdzw) = 5 [ fop(sT) = op(0.7)

1 = [ lopus) - op(u. T du

One can observe that Wy is distributed according to N(—
Then:

2

P(T,s) = ]Ij((g’;)) exp(Wr)

a can be rewritten as {exp(Wr) > K P(% T)} so:
C0,T,K) = P(0,s)N(d ) KP(0,T)N(d2)
=t ( *3)
do =d; —

A.3.3 European put on zero-coupon bonds
Call-Put parity applies to european options:

S+ Put = Call+ KP(0,T)
The put expression derives directly from A.20:

Put(0,T, K) = Call(0,T, K) — P(0,s) + KP(0,T)
= P(0,5)(N(d1) — 1) + KP(0,T)(1 — N(dz))
— KP(0,T)N(~d3) — P(0,5)N(—dy)
A.3.4 Vasicek extended model application

In this model, the volatility structure is the following;:

T
op(t,T) = / oe Py = —(1 — e *TD) = 6 K(T — 1)
t

g
k
H computation becomes:

H? = /0 [op(u,s) — op(u, T)]*du

T T T
:/ o (u, s)du — 2/ op(u, S)Up(u,T)du—i-/ o%(u, T)du
0 0 0
=A-2B+C
where A B and C are detailed thereby:

2

A= a- <T . %( —k(s=T) _ eka) + %(67219(57T) B ers))
o? 1 —kT 1 k-1 —ks L k=1 —k(s+T
o? 2 —kT 1 —2kT

14

(A.18)

‘H ) under the T-forward measure.

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)



And finally:

H= \/% (e*G=T) _1)2 _ (e—ks — ¢—KT)2) (A.26)

A.4 European call on stock

As a reminder, these diffusion are considered:

dpP .
- = redt — op(t, T)dW}

d A .
?S = rydt + posdW,! + /1 — p2ogdW} (A.27)

AWrdWw? =0
A.4.1 No-free lunch principle

The standard valuation method under no-free lunch hypothesis is used:

C(Oa T, K) = EQ((ST - K)+5(T))
= Bo(Sro(T)1y) — Bo(K8(T)1,) (4.28)
= S0Qs(b) = KP(0,T)Qr(b)

Writing b = {St > K}, fist term becomes:

A= Eo(Sré(t, T)L)
— E, (ngT(S(T)]lQ
= SoEqs (1)
= 5oQs(b)

(A.29)

About the second one:

B = Eq(8(T)1)

= Eq(P(0,T)é(T)

= P(0,7)Qr(b)

Now, the objective is to evaluate the probability of event b under Qg and Q1 measures. Itd’s lemma
gives:

1) (A.30)

T T 2
St = Spexp (/ rudu> exp </ (—%du + pogdW} 4+ /1 — p205dW3)> (A.31)
0 0
The Radon-Nykodin measure is:
d Sré(T T o2 . R
Qs _ St (7) = exp / (—U—Sdu + posdW} + /1 — p2ogdW?) (A.32)
dqQ So 0 2

Multi-dimensional Girsanov’s theorem shows two brownian motions under Qg :W4 and Wg as follows:

th = th - pdst

W2 =W2—-/1-plost

15

(A.33)



Thus:

P 1 1 1
d|—=|=Pd|—= —dP +d< P, —
2] pa[2] s Larra<nt y
AEL 0P 1] e en e
g —P S ermes en

By Girsanov theorem, diffusion coefficient don’t change and prices in the new numeraire S are Qg
martingales:

dl£ o o
[BS] = —[op(t,T) + posldW}! — osy/1 — p2dW? (A.35)

s
Then, a change of time unit gives:

7(t) = /0 (03 (u, T) +205p0p(u, T) + 03] du (A.36)
Thus:
POD - POD oxp (B - 30 (A.37)
Which leads to:
ﬁ = szb?) exp (BT(T) - ;T(T)> (4.38)

And finally:

Os (6 < In P(O?%)K) + 5T(T)) (A.39)

The computation is similar for B:

C(0,T,K) = SoN(dy) — KP(0, T)N(ds),

So

di = : (A.40)
™(T)
d2 = dl — \/T(T)
A.4.2 European Put on stock
The Call-Put parity applies for european options:
S+ Put = Call + KP(0,T) (A.41)

The put price is directly derived:
Put(0,T,K) = Call(0,T,K) — So + KP(0,T)

= So(N(dy) — 1) + KP(0,T)(1 — N(dy)) (A.42)
= KP(0,T)N(—dy) — SoN(—ds)
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A.4.3 Vasicek extended model application

Direct application of previous formula gives:

T
T(T) = /0 o’ K*(T — u) + 2p050 K(T — u) + 0%)du (A.43)

Which leads for the ESG:

2

(1) = (% + 2575 + 03) T +2 (& — 2525 K(T) - 52 (A.44)
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